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Abstract

Introduction

Both particular and some more general mostly continuous (continual without discontinuity points
with jumps) piecewise linear probability distributions which can also be multidimensional are well
known [Cramér]. For a triangular probability distribution, some basic formulas are also well known
[Kotz Dorp, Wikipedia Triangular distribution]. The present work is dedicated to obtaining some
more general formulas for more general piecewise linear probability distributions.

Piecewise Linear Probability Distribution

Main Definitions

Consider a general one-dimensional piecewise linear probability distribution (Fig. 1).
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Fig. 1. General one-dimensional piecewise linear probability distribution

Here probability density distribution function f(x) is as always non-negative everywhere (-0 < x <
+00) and can be positive on some finite segment (closed interval)

-o<a<x<b<+w(a<b)
only. Letn (n € N = {1, 2, ...}) intermediate points ¢; ,¢2,¢C3,C4, ... , Cn3 , Cn2 , Cn-1 , Cn IN the non-



decreasing order so that
A< <0< SeS . SCi3SCaSCuSc<b
divide this segment into n + 1 parts (pieces) of generally different lengths. To unify the notation,
denote
Co—a,
Cut1 =D ,
ci)=ci(1=0,1,2,...,n+1).
On each of n + 1 open intervals
ci<x<ci (1=0,1,2,...,n),
probability density distribution function f(x) is linear. At n + 2 points
ci(i=0,1,2,...,n+1),
f(x) may take any finite real values. The following considerations (possibly excepting mode values
below) do not depend on these values. At each of n + 2 points
ci(i=0,1,2,...,n+1),
left and right one-sided limits
lim f(x) =L; (x = ¢i - 0),
lim f(x) =Ri (x — ¢ + 0)
are any generally different finite real values. Naturally, we have
L() = 0,
Rn+1 =0.
Then on each of n + 1 open intervals
Ci <X < Ciy (1: 0, 1, 2, cee l’l),
linear probability density distribution function
f(X) = Ri + (Li+1 - Ri)(X - Ci)/(Ci+1 - Ci).
Integral (cumulative) probability distribution function
F(x) = P(X <x) = ..* f(t)dt
is probability P(X < x) that real-number random variable X takes a real-number value not greater
than x .

Normalization Condition

The probability of the event that X takes any finite real value is namely 1 because this event is
certain. This gives integral normalization condition
[ f(x)dx = 1.

In our case we have

1 =] f(x)dx = [.* f(x)dx

= Ei:()n J.c(i)c(iﬂ) f(X)dX = Zi:()n J.C(i)c(iﬂ) [Rl + (Li+1 - Ri)(X - Ci)/(Ci+1 - Ci)]dX
= Zi0” {Ri(Ci1 - ¢i) + (Liv1 - R)[(cint® - ¢7)/2 - ci(Cinr - €i)]/(Cinr - Ci)}
=Zioo" [Ri(ci1 - ¢i) + (Lis1 - Ri)(cint - €i)/2]

=Zi0" (Ri + Lisi)(cin1 - ¢i)/2.
We can also obtain this result at once rather geometrically than analytically, namely via adding the
areas of the n + 1 rectangular trapezoids.
Therefore, to provide a possible (an admissible) probability density distribution function, necessary
and sufficient integral normalization condition

Yo" (Ri + Lis)(Cir1 - i) =2
has to be satisfied.

Normalization Algorithm

Nota bene: This is one condition for



(m+1)+m+1)+n+2)=3n+4

unknowns
Ri(i=0,1,2,...,n),
Li@i=1,2,3,...,n+1),
¢(1=0,1,2,...,n+1).
Additionally,

Ri=0(1=0,1,2,...,n),
Li>031=1,2,3,...,n+1),
CoSCISCSC3=Cs4=<...<Cn3<Cn2=Cn1 SCn=Cnil.
Generally, it is not possible to simply take any admissible values of
3n+4-1=3n+3
unknowns and then to determine the value of the remaining unknown via this condition because it
can happen that this value is inadmissible.
A natural idea, way, and algorithm to avoid this difficulty are as follows:
1. Fix
CoSCI<C=C3<Cs<...<Cu3<Cu2=Cn1 <Cn=Cpsl .
2. Take any
R'>0(=0,1,2,...,n),
L'>031=1,2,3,...,n+1)
so that there is at least one namely positive number among these 2n + 2 non-negative numbers.
3. Let
Ri(i=0,1,2,...,n),
Li(i=1,2,3,...,n+1)
be proportional to
R'>0(=0,1,2,...,n),
L'>031=1,2,3,...,n+1),
respectively, with a common namely positive factor k so that
Ri=kR{(i=0,1,2,...,n),
Li=kLi'(i=1,2,3,...,n+1).
4. Explicitly determine the value of parameter k as the only unknown via this necessary and
sufficient integral normalization condition
Yo" (Ri + Lis)(Cir1 - i) =2
so that
k=2/%" (Ri' + Lint)(Cix1 - ).
5. Explicitly determine
Ri=kR/(i=0,1,2,...,n),
Li=kL'(i=1,2 3 ,n+1).

Mean Value (Mathematical Expectation)

Use the common integral definition [Cramér] of the mean value (mathematical expectation)
n=EX) =" xf(x)dx .
In our case we determine
w= . xf(x)dx = [, xf(x)dx
=2i" _[C(i)c(iﬂ) Xf(X)dX =2i" _[C(i)c(iﬂ) [RiX + (Li+1 - 111)(X2 - CiX)/(CiH - Ci)]dX
= 2" {Ri(Cin - Ciz)/2 + (Li+1 - Ri)[(Ci+13 - Ci3)/3 - Ci(Ci+]2 - Ciz)/2:|/(Ci+1 - Ci)}
= 1/6 " {3Ri(Cis1” - ¢?) + (Lis1 - R)[2(Ciri” + CiiCi + ) - 3¢i(Cint + €)]}
=1/6 Zio" [3Ri(Ci+12 - Ciz) + (Li+1 - Ri)(201+12 - CiCi+1 - Ciz)]
= 1/6 Zig" (Cis1 - C)[3Ri(cir1 + ¢i) + (Lin - Ri)(2cin + ¢1)]
=1/6 " (Ci+1 - Ci)[Ri(CH] + 2Ci) + Li+1(2Ci+1 + Ci)]
and finally



w= Zi:on (Ci+1 - Ci)[Ri(ZCi +Ci+1) + L1+1(Ci + 2Ci+1)]/6.

Median Values

Use the common integral definition [Cramér] of median values v for any of which both

PX<v)>1/2
and

PX>v)>1/2.
For a continual real-number random variable X ,

P(X <v) = ..’ f(x)dx = P(X > v) = [, f(x)dx = 1/2.
To determine the set of all the median values v , we can use the following natural idea, way, and
algorithm:
1. First consider
¢i(i=0,1,2,...,n+1)
not far from p and determine both
L =max{i | [..*? f(x)dx < 1/2}

and
R = min{i | [, f(x)dx < 1/2}.
Then both
[ f(x)dx > 1/2
and

...C(R-l)+w f(x)dx > 1/2.
2. On half-closed interval
c(L)=cL<v=<cra=c(L+]),

determine

Vanin = Inf{v | [ f(x)dx = 1/2}.
3. On half-closed interval

c¢(R-1) =cr1 <v<cr=c(R),

determine

Viax = sup{v | [, f(x)dx = 1/2}.
4. Then the set of all the median values v is the interval whose endpoints are

Vmin < Vimax

each of wich is included into the interval if and only if the corresponding greatest lower and/or least
upper bound is really taken so that

Vain = min{v | [." f(x)dx = 1/2}
and/or

Viax = max {v | [, f(x)dx = 1/2},
respectively.
Notata bene:
1. If

Vmin = Vmax ,

then the corresponding greatest lower and/or least upper bound is really taken so that

Vain = min{v | [." f(x)dx = 1/2}
and

Viax = max {v | [, f(x)dx = 1/2},
hence the closed interval

Vinin <V < Vinax
contains the only median value
V = Vinin = Vimax -

2.1If

Vimin < Vimax »



then the integral of f(x) on the interval whose endpoints are v, and vm.x vanishes independently of
their including or excluding. Hence on this interval, non-negative probability density distribution
function f(x) also vanishes possibly excepting points whose set has zero measure (in our case, a
finite set).

Mode Values

To begin with, consider the common definition [Cramér] of mode values for any of which
probability density distribution function f(x) takes its maximum value f,.x . For continual
distributions, generalize this definition in the following directions:
1. Replace the maximum value fi.« with the supremum value f;,, which always exists. The reason is
that it is possible (for piecewise linear probability distributions, too) that function f(x) is
discontinuous and does not take the supremum value fy,, so that the maximum value f..x does not
exist at all.
2. Extend the range of function f(x), i.e. the set of values function f(x) really (truly) takes, via all the
limiting points of this set. Then the extended range is a closed set and contains, in particular, the
supremum value fy, .
3. Extend the domain of function f(x), i.e. the set of points at which function f(x) is properly
defined, via all the limiting points of this set. Then the extended domain is a closed set which
contains all its limiting points.
4. Admit modes to also correspond to the one-sided limits of function f(x) separately if necessary.
This is important for discontinuous function f(x) with jumps.
5. At any interval endpoint ¢; , along with the given value of f(c;), take into account the one-sided
limits L; and R; of function f(x), eg any of the following reasonable options for value f(c;):
5.1. Take the given value of f(c) itself.
5.2. Take
f(Ci) = max{Li . Rl}
5.3. Take
f(c)) = (Li + Ry)/2.
6. At any interval endpoint c; , along with ¢; itself, take into account the one-sided limiting points c; -
0 and ¢; + 0 corresponding to one-sided limits L; and R; of function f(x), respectively, eg any of the
following reasonable options for c;:
6.1. Take the given value of c; itself.
6.2. For modes, rather than c; , consider
Ci-OifLi>Ri,
Ci+0ifLi<Ri,

and quantiset [Gelimson 2003a, 2003b]

{in(ci-0), 12(ci +0)}°if Li=R;.
This quantiset consists of two quantielements

12(ci - 0), 12(ci + 0)
with bases
Ci- 0, Ci + 0,
respectively.
Here each of elements c; - 0 and ¢; + 0 has quantity 1/2 so that the total unit quantity is equally
divided between these both elements.
In particular, for a piecewise linear probability distribution with probability density function f(x),
anyone of the following values can reasonably play the role of fy,, :
max{max{f(ci)|1=0,1,2,...,n+ 1}, max{L;|i=0,1,...,n+ 1}, max{Ri|1=0,1,... ,n+1}},
max{max{f(ci)|1=0,1,2, ... ,n+ 1}, max{(Li+ R)/2|1=0,1,2,...,n+ 1}},
max{max{L;|1=0,1,2,...,n+ 1}, max{Ri|1=0,1,2, ... ,n+ 1}},
max{(Li+R)/2|1=0,1,2, ... ,n+ 1}.



If f(ci) = fip at some 1, then c; at this 1 is one of the modes.
If L = f,, at some 1, then ¢; - 0 at this 1 is one of the modes.
If R; = fy, at some 1, then c; + 0 at this 1 is one of the modes.
If (L + Ri)/2 = f, at some 1, then quantiset
{in(ci - 0), 12(ci + 0)}°
at this 1 is one of the modes.
Nota bene: The set of all the modes contains the corresponding separate points c; , as well as one-
sided limits ¢; - 0 and ¢; + 0, and includes open intervals
ci<x<cu(i=1,2,...,n-1)
for which
Ri = Li+1 = fsup .

Variance

Use the common integral definition [Cramér] of the variance ¢* of a random variable X as its
second central moment, namely the squared standard deviation ¢ , or the expected value of the
squared deviation from the mean:
o’ = E[(X - 0] = [ (x - wf(x)dx .
In our case we determine
o’ = .. (x - WAH(x)dx = [.? (x - w*f(x)dx
= Zio” Loy (x - PR = B Lo [RiCx - ) + (List - RO(X - (x - e)/(cier - e)]dx
= 20" Joo ™" {RI(X - 20 + 1) + (Lisy - R)D - Qu+ e)x + (10 + 200X - plei]/(cn - ) }dx
= Zi:on {Ri[(ci+13 - 013)/3 - Zu(CiHZ - ciz)/2 + u2(01+1 - Ci)]
+ (Li+1 - Ri)[(Ci+14 - Ci4)/4 - (2}1 + Ci)(Ci+13 - 013)/3 + (],l2 + 2},101)(Ci+12 - ciz)/2 - MZCi(CH] - Ci)]/(CH] - Ci)}
=1/12 " {Ri(4Ci+13 - 4Ci3 - 4MCi+12 + 4“012 + 4].LZCi+1 - 4“201) + (Li+1 - Ri)[3Ci+13 + 3Ci+12Ci + 3Ci+1C12 +
3¢ - (4ei + 8u)(cir® + cinici + ¢2) + (12uc; + 6p?)(ci + ¢i) - 12p%ci]}

= 1/12 Zi:on [Ri(4Ci+13 - 4Ci3 - 4},LC1+12 + 4].LC12 + 4].LZCi+1 - 4“201) + (Li+1 - Ri)(3Ci+13 + 3Ci+1201 + ?)CiHCi2 +

3¢ - 4¢in’Ci - 4CinCi® - 4¢? - 8ucia” - 8uciiCi - 8pci” + 12uciaci + 12uc? + 6p’ci + 6p’ci - 12p°ci)]

=1/12 2" [Ri(4Ci+13 - 4c; - 4MCi+12 + 4|vlCi2 + 4uzci+1 - 4“201) + (Lis - Ri)(3Ci+13 - Civ’Ci - Cinici - ¢ -

8pcin® + 4pciici + 4pc + 6p’ci - 6p°cH)]
=1/12 Zio" [Ri(4cit” - 4¢i” - dpcin® + dpe® + 4p’ci - 4p’ci - 3¢’ + Ci’Ci + Cinici” + ¢ + 8pcin” -
Apcinci - 4pc - 6p’cin + 6p*cs)
+ Lini(3ciat® - cini’Ci - CiniCi? - ¢ - 8ucin? + 4pciaci + 4pc® + 6p’cir - 6p2ci)]
=1/12 Zi:()n [Ri(Ci+13 + Ci+120i + Ci+1Ci2 - 3013 + 4},LC1+12 - 4MCH1C1 - 2“20141 + 2},1201')
+ Lini(3ciei® - cini’Ci - CiniCi? - ¢ - 8ucin? + 4pciaci + 4pc® + 6p’cir - 6p2ci)]
= 1/12 Zieg" (Cist - ) {Ri(Ciri> + 2Ci1Ci + 3¢ + 4pcivs - 210°)
+ Li+1[3Ci+12 + 2¢inCi + ¢ - 4u(2cin +ci) + 6“2]}
and finally
6> = 1/12 Zig" (i1 - Ci){Ri(Cirt® + 2Cinci + 3¢ + 4pcisy - 20°)
+ Li[3ci? + 2¢iiCi + ¢ - 4p2ci + ¢i) + 6p*]}
where
K= Ziz" (cir1 - ¢i)[Ri(2¢i +civr) + Lini(ci + 2ci1)]/6.
Nota bene: Similarly, we can also determine further initial and central moments etc. [Cramér], e.g.
skewness
71 = E[(X - /o]

and excess

v2 = E[(X - n)*/c"] - 3.



Piecewise Linear Continuous Probability Distribution

Main Definitions

Consider a general one-dimensional piecewise linear continuous probability distribution (Fig. 2) as
a particular case of a general one-dimensional piecewise linear continuous probability distribution.
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Fig. 2. General one-dimensional piecewise linear continuous probability distribution

Here probability density distribution function f(x) is as always non-negative everywhere (-0 < x <
+00) and can be positive on some finite segment (closed interval)
-o<a<x<b<+w(a<b)
only. Letn (n € N= {1, 2, ...}) intermediate points ¢; , >, ¢C3,C4, ... , Cn3 , Cn2 », Cn-1 , Cn iN the non-
decreasing order so that
A< <0< .. SG3<CSCu<c<b
divide this segment into n + 1 parts (pieces) of generally different lengths. To unify the notation,
denote
Co=a,
Cu1 =b ,

ci)=ci(1=0,1,2,...,n+1).
On each of n + 1 closed intervals

ci<x<cu(1=0,1,2,...,n),
probability density distribution function f(x) is linear. At n + 2 points

¢i(i=0,1,2,...,n+1),

f(x) takes finite non-negative values

Hi = f(cy),
respectively. Naturally, we have
Ho = 0,
Hn+1 = O

Note that
H;= f(Ci) (1= 1, 2, ey n)
may be any finite non-negative values. At each of n + 2 points



ci(i=0,1,2,...,n+1),
left and right one-sided limits
lim f(x) =Li (x — ¢ - 0),
lim f(x) =Ri(x = ¢ci + 0)
are equal to one another and coincide with f(c;). Therefore, we obtain
Hi:Li:Ri(iZO, 1,2, ...,n+ 1),
which makes it possible to apply the above formulas for a piecewise linear probability distribution
to a piecewise linear continuous probability distribution.
Then on each of n + 1 closed intervals
Ci<X<Cin (iZO, 1, 2, cee n),
linear probability density distribution function
f(X) = Hi + (Hj+] - Hi)(X - Cj)/(Ciﬂ - Ci)
= Hi(ciri - x)/(Cis1 - ¢i) + Hini(X - ci)/(cinr - €i).
Integral (cumulative) probability distribution function
F(x) = P(X < x) = [..* f(t)dt
is probability P(X < x) that real-number random variable X takes a real-number value not greater
than x .

Normalization Condition

The probability of the event that X takes any finite real value is namely 1 because this event is
certain. This gives integral normalization condition
[ f(x)dx = 1.
In our case we have
1= .. f(x)dx = [, f(x)dx
= izo" Ic(i)c(m) f(X)dX =2Xiy" .[c(i)c(iﬂ) [Hi + (Hi+1 - Hi)(X - Ci)/ (Ci+1 - Ci)]dX
= Z:i:()n {Hi(CiH - Ci) + (Hi+1 - Hi)[(ci+l2 - Ciz)/z - Ci(Ci+1 - Ci)]/(CiH - Ci)}
= Yo" [Hi(ciz1 - ¢i) + (Hiv1 - Hi)(civ1 - ¢i)/2]
=Zivo" (Hi + Hir)(cinr - €1)/2
= Zio" Hi(ci1 - €)/2 + Zizo" Hisi(Cin1 - ©1)/2.
We can also obtain this result at once rather geometrically than analytically, namely via adding the
areas of the n + 1 rectangular trapezoids, among them 2 rectangular triangles at the endpoints a and
b.
Now use
Ho = 0,
Hn+1 = O
Then
1= _[_wﬂn f(X)dX = 21:1“ Hi(Ci+1 - ci)/2 + Ei:ln Hi(Ci - ci_l)/2
= Zi:1n Hi(CiH - Ci.1)/2.
Therefore, to provide a possible (an admissible) probability density distribution function, necessary
and sufficient integral normalization condition
Ziet" Hi(Ci+1 - Ci-l) =2
has to be satisfied.

Normalization Algorithm

Nota bene: This is one condition for

n+(n+2)=2n+2
unknowns

Hi@i=1,2,...,n),



¢(1=0,1,2,...,n+1).
Additionally,

Hi>0(1=1,2,3,...,n),

CHESCISCSC3<Cs=<...<Cn3=Cr2=Cnl1=Cn=Cnil.
Generally, it is not possible to simply take any admissible values of
2n+2-1=2n+1

unknowns and then to determine the value of the remaining unknown via this condition because it
can happen that this value is inadmissible.
A natural idea, way, and algorithm to avoid this difficulty are as follows:
1. Fix

co<ci<cr<c3s<c <.

+ S Cn3=Cn2 = Cp1 S Cn = Cuil -
2. Take any
H'>0(1=1,2,...,n)
so that there is at least one namely positive number among these n non-negative numbers.
3. Let
Hi(i=1,2,3,...,n)
be proportional to
H'>031=1,2,3,...,n),
respectively, with a common namely positive factor k so that
Hi:kHi‘ (1: 1, 2, 3, ee n).
4. Explicitly determine the value of parameter k as the only unknown via this necessary and
sufficient integral normalization condition
Ziel" Hi(Ci+1 - Ci-l) =2
so that
k=2/Z=" H'(ci1 - cit).
5. Explicitly determine
Hi:kHi' (1: 1, 2, 3, cee s 1’1).

Mean Value (Mathematical Expectation)

Use the common integral definition [Cramér] of the mean value (mathematical expectation)
n=EX) =" xf(x)dx .
In our case we determine
w= . xf(x)dx = [, xf(x)dx
= Zi0" [T xf(x)dx = Zig" Jeo @Y [Hix + (Hirr - H)(x? - cix)/(Cin - ¢1)]dx
=2io" {Hi(Ciﬂz - Ciz)/z + (Hi+1 - Hi)[(Ci+13 - Ci3)/3 - Ci(Ci+12 - Ciz)/z]/(Ci+1 - Ci)}
=1/6 Zieg" {3Hi(cini” - ¢%) + (Hir1 - H)[2(Ciri® + CiniCi + &) - 3ci(cin + ¢)]}
=1/6 Z:i:()n [3H1(Ci+12 - Ciz) + (Hi+1 - Hi)(20i+12 - CiCi+1 - Ciz)]
=1/6 Zix" (Ci+1 - Ci)[3Hi(Ci+1 + Ci) + (Hi+1 - Hi)(201+1 + Ci)]
=1/6 Zi-" (Ci+1 - Ci)[Hi(Ci+1 + 2Ci) + Hi+1(2Ci+1 + Ci)]
=1/6 " (Ci+1 - Ci)Hi(Cm + 2Ci) +1/6 " (Ci+1 - Ci)Hi+1(2Ci+1 + Ci)
=1/6 Zi:1n (Ci+1 - Ci)Hi(Ci+1 + 201) +1/6 Zi:1n (Ci - Ci.1)Hi(ZCi + Ci.1)
= 1/6 Zi-" Hi[(ci+1 - ci)(cirt + 2¢i) + (Ci - ci)(2¢i + ¢i1)]
=1/6 Zi:1n Hi(Ci+12 + Ci+1Ci - 2Ci2 + 2012 - CiCi-1 - Ci.12)
= 1/6 Zie" Hi(Cir” + CiiCi - CiCit - Cit”)
=1/6 X" Hi(Ci+1 - Ci.1)(Ci+1 +ct Ci-l)
and finally
w= 2" Hi(cis1 - ci)(Cis1 + Ci + Cit)/6.



Median Values

Use the common integral definition [Cramér] of median values v for any of which both

PX<v)>1/2
and

PX>v)>1/2.
For a continual real-number random variable X ,

P(X <v) = " f(x)dx = P(X > v) = [, f(x)dx = 1/2.
To determine the set of all the median values v , we can use the following natural idea, way, and
algorithm:
1. First consider
¢i(i=0,1,2,...,n+1)
not far from p and determine both
L =max{i | [V f(x)dx < 1/2}

and
R = min{i | [, f(x)dx < 1/2}.
Then both
[ f(x)dx > 1/2
and

...c(R-1)+OO f(x)dx > 1/2.
2. On half-closed interval
c(L)=cL<v=<cra=c(L+]),
determine
Vanin = Inf{v | [’ f(x)dx = 1/2}.
3. On half-closed interval
c¢(R-1) =cr1 <v<cr=c(R),
determine
Viax = sup{v | [, f(x)dx = 1/2}.
4. Then the set of all the median values v is the interval whose endpoints are
Vmin < Vimax
each of wich is included into the interval if and only if the corresponding greatest lower and/or least
upper bound is really taken so that
Vain = min{v | [." f(x)dx = 1/2}
and/or
Viax = max {v | [, f(x)dx = 1/2},
respectively.
Notata bene:
1. If
Vmin = Vmax ,
then the corresponding greatest lower and/or least upper bound is really taken so that
Vain = min{v | [." f(x)dx = 1/2}
and
Viax = max {v | [, f(x)dx = 1/2},
hence the closed interval
Vinin <V < Vinax
contains the only median value
V = Vinin = Vimax -
2.1If
Vimin < Vimax ’
then the integral of f(x) on the interval whose endpoints are Vmin and vmax vanishes independently of
their including or excluding. Hence on this interval, non-negative probability density distribution
function f(x) also vanishes possibly excepting points whose set has zero measure (in our case, a



finite set).

Mode Values

To begin with, consider the common definition [Cramér] of mode values for any of which
probability density distribution function f(x) takes its maximum value fi.x .
In particular, for a piecewise linear continuous probability distribution with probability density
function f(x),
frax = max{f(ci) |1=1,2, ... ,n}.
If f(x) = fmax at some x , then this x is one of the modes.
In particular, if f(ci) = fnax at some 1, then c; at this i is one of the modes.
Nota bene: The set of all the modes both contains separate points
cii=1,2,...,n)
for which
f(Ci) = fsup = fmax

and includes closed intervals

ci<x<cn(i=1,2,...,n-1)
for which

f(ci) = f(Ci+1) = fsup = fmax .

Variance

Use the common integral definition [Cramér] of the variance ¢* of a random variable X as its
second central moment, namely the squared standard deviation ¢ , or the expected value of the
squared deviation from the mean:
62 = E[(X - ] = .. (x - Wf(x)dx .
In our case we determine
| o? = [ (x - Wfx)dx = [." (x - p)f(x)dx
= Zi" o (x - p?x)dx = Zig” fe ™ [Hi(x - p)? + (Hier - H)(x - )(x - c)/(cin - c)]dx
= Zig" oo™ {H(xX - 2ux + ) + (Hi - H)[X - Qu+ ¢)x® + (0 + 2pe)x - pleil/(cin - ) }dx
=Yio" {Hi[(Ci+13 - Ci3)/3 - 2]»L(Ci+12 - Ciz)/z + }lz(ciﬂ - Ci)]

+ (Hi+] - Hi)[(Ci+]4 - Ci4)/4 - (2“ + C,’)(CiJr]3 - Ci3)/3 + (].L2 + 2},lCi)(Ci+12 - ciz)/2 - },lzCi(Ciﬂ - Ci)]/(Ci+1 - Ci)}
= 1/12 Zip” {Hi(4cit® - 4¢i® - dpcia® + 4uc? + 4p’cin - 4p’cs) + (Hi - H)[3cin® + 3cia’ci + 3cine? +
3ci’ - (4ei + 8w)(Cin” + civici + o) + (12pci + 6p)(cint + ¢i) - 12p°¢i]}
= 1/12 Zig" [Hi(4cint® - 4¢? - dpci® + 4pc® + 4p’cin - 4p°c) + (Hie - H)Bei® + 3ci’ci + 3cine® +
3¢ - 4Cin17Ci - 4Cin G - 4¢: - 8UCint” - 8UCi1Ci - 8pC + 12ciaci + 12pe” + 6pcivs + 6p’ci - 1218°¢i)]
=1/12 " [Hi(4Ci+13 - 4013 - 4[,LC1+12 + 4“012 + 4|,l2Ci+1 - 4H2C1) + (Hi+1 - Hi)(3Ci+13 - Ci+1ZCi - Ci+1012 - Ci3 -
8cin” + 4pcic + 4pc + 6p’ci - 6p°cH)]
=1/12 Zio" [Hi(4cin® - 4¢ - dpcia® + dpci® + 4plci - 4p°ci - 3ci” + cin’ci + e + ¢ + 8ucin® -
4uciniCi - 4uci® - 6pci + 6pcH)

+ Hi+-1(30i+13 - Ci+1201 - Ci+1012 - C13 - 8MCi+12 + 4},lC1+1Ci + 4]1012 + 6|,t2ci+1 - 6M2Ci)]
= 1/12 Zieg” [Hi(Cist + Cisi’ci + Ciniei® - 3¢ + 4pucinr” - 4pciaiCi - 2p0ci + 2p°cy)

+ Hi+-1(30i+13 - Ci+1201 - Ci+1012 - C13 - 8MCi+12 + 4},lC1+1Ci + 4]1012 + 6|,t2ci+1 - 6M2Ci)]
=1/12 X" (Ci+1 - Ci) {Hi(Ci+12 + 2¢iiCi + 3Ci2 + 4},lCi+1 - 2“2)

+ Hin[3ci® + 2¢inci + ¢ - 4p(2cin + ¢i) + 6p°]}
=1/12 21:0“ Hi(CiH - Ci)(Ci+12 + 2Ci+1Ci + 30,’2 + 4},lCi+1 - 2“2)
+1/12 2" Hi+1(Ci+1 - Ci)[3Ci+12 + 2¢i+iCi + Ciz - 4|,L(201+1 + Ci) + 6“2]
= 1/12 Ziei" Hi(Cis1 - €i)(Cit> + 2¢in1Ci + 3¢ + 4pcin - 20°)

+ 1/12 Zizln Hi(Ci - Ci.1)[3Ci2 + 2C1Ci.1 + Ci.12 - 4“(2C1 + Ci.1) + 6]12]



= 1/12 Zizln Hi(Ci+13 + 2Ci+1201 + 3Ci+1012 + 4},LCi+12 - 2“2Ci+1
- Ci+12Ci - 2ci+1ciz - 3C13 - 4},LCi+1Ci + 2]1201
+ 3¢ + 2¢cin + cicia® - 8uci® - 4ucici + 6p’c;
- 3¢i’Cit - 2¢iCit” - Cit” + 8pciciy T 4pci” - 6p’ci)
=1/12 2" Hi(Ci+13 - Ci.13 + szci - CiCi_l2 + Ci+1Ciz - CiZCi-l
+4pcin” - 4pcinci - 8uc’ + 4pciciy + 4pcia” - 2pci + 8pci - 6p’ci)
= 1/12 " Hi[(Cis1 - Ci)(Cir1> + CiriCi + CiviCit + ¢ + CiCiot + Cit)
+4pcin’ - 4pcin € - 8uc’ + 4pciciy + 4pcia” - 2pci + 8pci - 6pci]
= 1/12 " Hi[(Cis1 - i)(Cirt> + CiiCi + CiiCit + ¢ + CiCio + Cit®)
+4p(cin’ - cinCi- 267 + cicia + cir’) + 217(- cint + 4ei - 3¢i)]

and finally

0° = 1/12 Ziey" Hi[(Cis1 - Ci1)(Cisr® + CisaCi + CisaCit + ¢ + Cicit + €it”)

+4u(cin® - Cin€i - 2¢7 + cicin + ¢ir®) + 2= it T 4ei - 3¢i)]
where
n = Zi" Hi(ci+1 - cii)(cin + ¢ + ci1)/6.
Nota bene: Similarly, we can also determine further initial and central moments etc. [Cramér], e.g.
skewness
71 = E[(X - p)’/c’]
and excess
2= E[(X - p)*/c"] - 3.

Tetragonal Probability Distribution

Main Definitions

A tetragonal probability distribution (Fig. 3) is a particular case of a general one-dimensional
piecewise linear continuous probability distribution for n = 2 and further of a general one-
dimensional piecewise linear probability distribution. Therefore, directly apply the above formulas
for a general one-dimensional piecewise linear continuous probability distribution to a tetragonal
probability distribution.

f{x) H, C e

0=k,
0 a i G iy A= by X

Fig. 3. Tetragonal probability distribution

Here probability density distribution function f(x) is as always non-negative everywhere (-0 < x <



+00) and can be positive on some finite segment (closed interval)
-o<a<x<b<+w(a<b)
only. Let n = 2 intermediate points ¢ = c¢; and d = ¢, in the non-decreasing order so that
a<c < <b
divide this segment into n + 1 = 3 parts (pieces) of generally different lengths. To unify the notation,
denote
Co—a,
c;=b ,
ci)=ci(i=0,1,2,3).
On each of n + 1 = 3 closed intervals
ci<x<c¢n(1=0,1,2),
probability density distribution function f(x) is linear. At n + 2 = 4 points

ci(i=0,1,2,3),
f(x) takes finite non-negative values
Hi = f(c),
respectively. Naturally, we have
Ho = 0,
H3 = 0

Note that
Hi=f(c) (i=1,2)
with additional natural notation

C=H,,
D= H2
for values f(x) at points
ci=¢C,
c=d ,
respectively, may be any finite non-negative values. At each of n + 2 =4 points
¢i(1=0,1,2,3),

left and right one-sided limits
lim f(x) =L; (x = ¢i - 0),
lim f(x) =Ri (x — ¢ + 0)
are equal to one another and coincide with f(ci). Therefore, we obtain
Hi=Li=Ri(1=0,1,2,3),
which makes it possible to apply the above formulas for a piecewise linear probability distribution
to a piecewise linear continuous probability distribution.
Then on each of n + 1 = 3 closed intervals
ci<x<c¢n(1=0,1,2),
linear probability density distribution function
f(x) = H; + (His1 - Hi)(X - ¢i)/(Cis1 - Ci)
= Hi(cir1 - x)/(Cir1 - ¢i) + Hini(X - ci)/(Cin1 - Ci).
Integral (cumulative) probability distribution function
F(x) = P(X <x) = ..* f(t)dt
is probability P(X < x) that real-number random variable X takes a real-number value not greater
than x .

Normalization Condition

The probability of the event that X takes any finite real value is namely 1 because this event is
certain. This gives integral normalization condition

[ f(x)dx = 1.
In our case we have



1 =" f(x)dx = |,* f(x)dx
=Zio’ Ic(i)c(m) f(x)dx = Zi’® L(i)cﬁﬂ) [H; + (Hisr - Hi)(x - ci)/(Cier - €i)]dx
= 21:02 {Hi(Ci+1 - Ci) + (Hi+1 - Hi)[(Cin - Ciz)/2 - Ci(Cm - Ci)]/(CiH - Ci)}
= Yo’ [Hi(cit - ¢i) + (Hir - H)(cinr - €:)/2]
= Ei:()z (Hi + Hi+1)(Ci+1 - ci)/2
=i’ Hi(Cint - €)/2 + Zicg” Hina(Cie1 - €1)/2.
We can also obtain this result at once rather geometrically than analytically, namely via adding the
areas of the n + 1 = 3 rectangular trapezoids, among them 2 rectangular triangles at the endpoints a
and b .
Now use
Ho = 0,
H3 = 0
Then
1 = .. f(x)dx = 2 Hi(cir - €)/2 + Ziei® Hi(ci - ¢i1)/2
= 21:12 Hi(Ci+1 - ci_l)/2.
Therefore, to provide a possible (an admissible) probability density distribution function, necessary
and sufficient integral normalization condition
21:12 Hi(ci+1 - Ci-l) =2
has to be satisfied.

Using

Co—a,

Ci=¢C,

C = d ,

C3 = b ,

H =C,

H,=D,
we obtain

H1(Cz - Co) + Hz(C3 - C1) = C(d - a) + D(b - C)

and finally

C(d-a)+D(b-c)=2.

Normalization Algorithm

Nota bene: This is one condition for
nt(n+2)=2n+2=6
unknowns

Hi(i=1,2),
ci(1=0,1,2,3).
Additionally,

Hi>0(31=1,2),

Co<SCI<C2=Cs.
Generally, it is not possible to simply take any admissible values of

2n+2-1=2n+1=5

unknowns and then to determine the value of the remaining unknown via this condition because it
can happen that this value is inadmissible.
A natural idea, way, and algorithm to avoid this difficulty are as follows:
1. Fix

CE=CI=C2=C3.
2. Take any

H'>0(G1=1,2)
so that there is at least one namely positive number among these n = 2 non-negative numbers.



3. Let
Hi(i=1,2)
be proportional to
H'>0(1=1,2),

respectively, with a common namely positive factor k so that

H; =kH/ (i = 1, 2).
4. Explicitly determine the value of parameter k as the only unknown via this necessary and
sufficient integral normalization condition

21:12 Hi(Ci+1 - Ci-l) =2
so that
k=2/ 21:02 Hi'(Ci+1 - Ci-l)-

5. Explicitly determine

Hi=kH{ (i=1,2).

Using
Co—a,
ci=¢C,
C = d ,
c;=b ,
H1 =C ,
H2 = D
and naturally denoting
H1' =C' ,
Hz’ =D’ ,
we obtain the same algorithm in the following form:
1. Fix
a<c<d<b.
2. Take any
C'>0,
D'>0

so that there is at least one namely positive number among these n = 2 non-negative numbers.
3. Let C and D be proportional to C' and D', respectively, with a common namely positive factor k
so that

C=kC,

D=kD'.
4. Explicitly determine the value of parameter k as the only unknown via this necessary and
sufficient integral normalization condition

C(d-a)+D(-c)=2
so that
k =2/[C(d - a) + D(b - ¢)].

5. Explicitly determine

C=kC,

D=kD'.

Mean Value (Mathematical Expectation)

Use the common integral definition [Cramér] of the mean value (mathematical expectation)
n=E(X) =" xf(x)dx .
In our case we determine
n =" xf(x)dx = [,> xf(x)dx
= Z:i:()2 J.c(i)c(iﬂ) Xf(X)dX = 21:02 J.C(i)c(iﬂ) [HiX + (Hi+1 - Hi)(X2 - CiX)/(Ci+1 - Ci)]dX
= 21:02 {Hi(Ci+12 - ciz)/2 + (Hi+1 - Hi)[(Cm3 - Ci3)/3 - Ci(Ci+12 - ciz)/2]/(ci+1 - Ci)}



= 1/6 21:02 {3Hi(Ci+12 - Ciz) + (Hi+1 - Hi)[2(ci+12 + CiriCi t+ Ciz) - 3C1(Ci+1 + Ci)]}
=1/6 iy’ [3Hi(ci+12 - Ciz) + (Hisi - Hi)(201+12 - CiCi+1 - Ciz)]
= 1/6 Ei:()z (Ci+1 - Ci)[3Hi(Ci+1 + Ci) + (Hi+1 - Hi)(2Ci+1 + Ci)]
= 1/6 iz’ (Ci+1 - c)[Hi(Cin1 + 2¢i) + His1(2¢in1 + )]
= 1/6 21:02 (Ci+1 - Ci)Hi(CiH + 2Ci) + 1/6 21:02 (Ci+1 - Ci)Hi+1(2Ci+1 + Ci)
=1/6 21:12 (Ci+1 - Ci)Hi(CiH + 201) +1/6 21:12 (Ci - Ci.1)Hi(ZCi + Ci.1)
= 1/6 Zi-i> Hi[(Cis1 - Ci)(Cis1 + 2¢1) + (Ci - ci)(2¢i + Ciu)]
=1/6 Zie® Hi(Cist” + CisiCi - 267 + 267 - CiCiut - Cit”)
=1/6 i Hi(cin> + CiniCi - CiCit - Cit?)
= 1/6 Ziei? Hi(Cin - Cit)(Cir1 + Ci + Ciy)

and finally
= Zie> Hi(Cis1 - Cit)(Cier + Ci + €i1)/6.

Using

Co—a,

ci=¢C,

C = d ,

C3 — b ,

H1 = C ,

Hz =D .

we obtain the same formula in the following form:
w= [Hl(Cz - Co)(Cz +c+ Co) + Hz(C3 - Cl)(C3 +cCy+ C1)]/6,
p=[C(d-a)(d+c+a)+D(b-c)b+d+c)]6,
and finally
p=[C(d-a)a+c+d)+D(b-c)b+c+d)]b.

Median Values

Use the common integral definition [Cramér] of median values v for any of which both

PX<v)>1/2
and

P(X>v)>1/2.
For a continual real-number random variable X ,

P(X <v)=[." f(x)dx = P(X >v) = [, f(x)dx = 1/2.
To determine the set of all the median values v , we can use the following natural idea, way, and
algorithm:
1. First consider
¢i(i=0,1,2,...,n+1)
not far from p and determine both
L = max{i | J.°® f(x)dx < 1/2}

and
R =min{i | oo™ f(x)dx < 1/2}.
Then both
[ fx)dx > 1/2
and

_[C(R_l)ﬂo f(X)dX Z 1/2
2. On half-closed interval
c(L) =cL<v<=<cra=c(L+1),
determine
Vanin = inf{v | [ f(x)dx = 1/2}.
3. On half-closed interval
c(R-1) =cri<v<cr=c(R),



determine
Viax = sup{v | [, f(x)dx = 1/2}.
4. Then the set of all the median values v is the interval whose endpoints are
Vinin < Viax
each of wich is included into the interval if and only if the corresponding greatest lower and/or least
upper bound is really taken so that
Vin = min{v | [.* f(x)dx = 1/2}
and/or
Vinae = max {v | [, f(x)dx = 1/2},
respectively.
Notata bene:
1. If
Vmin = Vmax ,
then the corresponding greatest lower and/or least upper bound is really taken so that
Vin = min{v | [.* f(x)dx = 1/2}
and
Viax = max{v | [, f(x)dx = 1/2},
hence the closed interval
Vinin SV < Vinax
contains the only median value
V = Vinin = Vimax -
2.If
Vmin < Vmax ’
then the integral of f(x) on the interval whose endpoints are vmin and vm.x vanishes independently of
their including or excluding. Hence on this interval, non-negative probability density distribution
function f(x) also vanishes possibly excepting points whose set has zero measure (in our case, a
finite set).
Using n = 2, make the same natural idea, way, and algorithm much more explicit:
1. First determine both
F(c) = ..° f(x)dx = [, f(x)dx = [ C(x - a)/(c - a) dx
= C/(c - a) [.4(x - a)dx = C/(c - a) [(c* - a%)/2 - a(c - a)]
=C[(c +a)/2-a]=C(c-a)/2

and
F(d)=1- ¢ f(x)dx =1 - ["f(x)dx = 1 - [> D(b - x)/(b - d) dx
=1-D/(b-d) J&(b-x)dx=1-D/(b - d) [bb - d) - (b* - d*)/2]
=1-D[b-(b+d)2]=1-D(b-d)2.
2.1If
F(c)>1/2,
or, equivalently,
C(c-a)>1,
then there is the only median value v strictly between a and ¢ so that
F(v)=1/2,

F(v)= [ f(x)dx = [ f(x)dx = IN C(x -a)/(c-a)dx
=C/(c - a) [.'(x - a)dx = C/(c - a) [(V* - a)/2 - a(v - a)]
=Cl(c-a)(v-a)/2=1/2,
(v-a)=(c-a)/C,
v=a-+[(c-a)/C]".
3.If
F(c)=1/2,
or, equivalently,
C(c-a)=1,
then there is the only median value



vV=c.
4. 1f
F(d) <1/2,
or, equivalently,
1-D(b-d)2<1/2,
D(b-d)>1,
then there is the only median value v strictly between d and b so that
F(v)=1/2,
F(v)=1- ™ f(x)dx =1 - [Mf(x)dx =1 - ) D(b - x)/(b - d) dx
=1-D/(b-d) [°(b-x)dx=1-D/b-d)[bb-Vv)-(b>-v)2]
=1-D/(b-d)(b-v)/2=1/2,
D/(b-d)(b-v)* =1,
(b-v)*=(b-d)y/D,
v=b-[(b-d)/D]".
5.1f
F(d)=1/2,
or, equivalently,
1-D(b-d)/2=1/2,
Db-d)=1,
then there is the only median value
v=d.
6. Finally, if
F(c) <1/2 <F(d),
or, equivalently,
C(c-a)<l1
and
Db-d)<1,
then there is the only median value v strictly between ¢ and d (¢ < v < d) because incremental
distribution function F(c) strictly monotonically increases on this interval (¢ , d) so that
F(v)=1/2,
F(v) =" f(x)dx = [." f(x)dx = |.¢ f(x)dx + [* f(x)dx
=F(c) + ' [C(d - X) + D(x - ¢)]/(d - ¢) dx
=C(c-a)2+ {C[d(v-c)- (V' -c})/2] + D[(V*- c})/2 - c(v-c)]}/(d - ¢)
=C(c-a)2+[(Cd-Dc)(v-¢c)+(D-C)v*-cH2J/(d-c)=1/2,
C(c-a)d-¢c)+2(Cd-De)v-¢c)+(D-O)(v*-c)=d-c,
(D - C)v*+2(Cd-Dc)v +C(c-a)d-c)-2(Cd-Dc)c-(D-C)c* +c-d=0.
6.1. If D = C and naturally positive, then
2C(d-c)v+C(c-a)d-c)-2C(d-c)c+c-d=0,
2Cv=1+C(a+c),
v=1/2C) + (a + ¢)/2.
Directly moving from left to right, we also obtain the same result
v=c+[1/2-C(c-a)2]/C
at once. We have
v-c=1/2C)+(@a-¢)2>0
because
C(c-a)<l.
Directly moving from right to left, we obtain
v=d-[1/2-C(b-d)2)/C=-1/2C)+d+(b-d)/2=(b+d)/2-1/2C)
at once. We have
d-v=d+1/2C)-(b+d)/2>0
because
Cb-d)<l.



To prove the equivalence of these both formulas
v=1/2C)+ (a+c¢)2
and
v=(b+d)/2-1/(2C)
for v , note that
1/2C) + (a+¢c)2=(b+d)/2 - 1/(2C)
because the normalization condition
C(c-a)2+C(d-¢c)+Cb-d)/2=1
gives
(b-a+d-c¢)2=1/C.

6.2. If D # C, then there is the only median value v strictly between ¢ and d (¢ < v < d) because
incremental distribution function F(c) strictly monotonically increases on this interval (c , d) so that
F(v)=1/2.

Hence quadratic equation
(D-C)V* +2(Cd-Dec)v+C(c-a)d-c)-2(Cd-Dc)c-(D-C)c*+c-d=0
in v has exactly one solution on this interval (c, d).

Mode Values

To begin with, consider the common definition [Cramér] of mode values for any of which
probability density distribution function f(x) takes its maximum value fi.x .

If C = D and naturally positive, then there are two modes ¢ and d .

If C > D, then there is the only mode c .

If C <D, then there is the only mode d .

Variance

Use the common integral definition [Cramér] of the variance o” of a random variable X as its
second central moment, namely the squared standard deviation ¢ , or the expected value of the
squared deviation from the mean:
o2 = E[(X - 0] = [ (x - p?f)dx
In our case n =2 we determine
6> =" (x - WH(x)dx = > (x - p)*f(x)dx
= Zio? Joo ™ (x - W)X = Zig® o [Hi(x - ) + (Hin - H)(x - (x - €)/(cir - ©1)]dx
= Zig” Jo ™ {Hi(x® - 2ux + %) + (Hiey - H)[X* - 2+ c)x + (1 + 2pe)x - pleil/(cin - ¢i)}dx
= Ei=02 {Hi[(ci+13 - Ci3)/3 - 2M(Ci+]2 - ciz)/2 + l.lz(Ci+1 - Ci)]

+ (Hi+1 - Hi)[(Ci+14 - Ci4)/4 - (2” + Ci)(Ci+13 - Cis)/3 + (},lz + 2“01)(014—12 - ciz)/2 - uzci(cm - Ci)]/(Ci+1 - Ci)}
= 1/12 Ziep* {Hi(4cisi® - 4c® - 4},LC1+12 + 4j,lC12 + 4;,t20i+1 - 4“201) + (Hisr - H)[3cie® + 3cir’ci + 3cinc? +
3¢’ - (4ci+ 8p)(cie” + ciniCi + ¢%) + (12uci + 6p°)(cir + ¢i) - 12p%ci]}
=1/12 i [Hi(4Ci+13 -4c - 4|,lCi+12 + 4},LC,'2 + 4},l20i+1 - 4“201') + (Hix - Hi)(3Ci+13 + 3cinci + 3ciac +
3C13 - 4Ci+120i - 4Ci+1012 - 4-Ci3 - 8MC1+12 - 8”C1+1Ci - 8}1&12 + 12“C1+1Ci + 12uci2 + 6|,t2ci+1 + 6“201 - 12uzci)]
=1/12 i [Hi(4Ci+13 - 4c - 4},LC]'+12 + 4MC12 + 4}1201+1 - 4},l2Ci) + (Hini - Hi)(30i+13 - Cin’ci - Ciici - ¢ -
8pcin” + 4pcici + 4pc’ + 6p’ci - 6p°cH)]
=1/12 21:02 [I‘Ii(4Ci+13 - 401'3 - 4},lCi+12 + 4}10,’2 + 4M2Ci+1 - 4“201' - 3Ci+]3 + Ci+1ZCi + Ci+1Ci2 + Ci3 + 8}—lCi+]2 -
AuCiniCi - 4pci’ - 6p’ci + 6pc))

+ Hir1(3Ci1® - CiniCi - CiniCi2 - € - 8ucini® + 4pciaci + 4pc® + 6p’cis - 6p°ci)]
= 1/12 Zieg” [Hi(Cist» + Cisi’ci + Ciniei® - 3¢ + 4pucint” - 4pcisci - 2pcis + 2p°cy)

+ Hi+1(3ci+13 - Ci+1201 - Ci+1Ci2 - 013 - 8],lCi+12 + 4},lCi+1Ci + 4|,lCi2 + 6|,l2Ci+1 - 6M2C1)]
= 1/12 Zig” (Cin1 - i) {Hi(cisi® + 2ci1€i + 3¢i” + 4pci - 20°%)



+ Hi+1[3Ci+12 + 2¢i+Ci + Ci2 - 4“(2Ci+1 + Ci) + 6“2]}
=1/12 Zip? Hi(cis - Ci)(Ci+12 + 2¢inci + 3¢ + 4ucii - 2M2)
+1/12 21:02 Hi+1(Ci+1 - Ci)[3Ci+12 + 2¢inCi + Ci2 - 4“(2Ci+1 + Ci) + 6},L2]
= 1/12 Ziei® Hi(cist - i)(Cisr” + 2Cinici + 3¢ + 4pci - 2p%)
+1/12 Ziei? Hi(ci - ci)[3¢ + 2¢icir + cit® - 4u(2¢i + ¢iy) + 61°]
= 1/12 Ziei® Hi(cirt® + 2¢i17Ci + 3Cinci® + 4pcia” - 2p°cin
- szci - 2Ci+1012 - 3013 - 4pCi+1Ci + 2H2Ci
+ 3013 + 2Ci2Ci.1 + CiCi.12 - 8”012 - 4},lCiCi.1 + 6”201
- 3¢i’Cit - 2¢iCit” - Cit® + 8pciciy + 4pcia” - 6p’ciy)
=1/122° Hi(Ciﬂ3 - ¢’ + cin’ci - cici? + ciic - cfei
+4uci® - 4ucici - 8uc? + 4ucicis + 4pcia® - 2p’ci + 8plci - bu’ci)
=1/12 2/ Hi[(ci+1 - Ci.1)(Ci+12 + CiniCi + CiriCi + ¢ F Cici Ci-lz)
+4uci® - 4pcinci - 8uc? + 4ucicia + 4pcia® - 2p’cia + 8pci - 6u’cia]
= 1/12 Ziei® Hi[(Cis1 - Cit)(Cist® + CisiCi F CisiCit + €7 + Cicit + Cit’)
+4p(cin® - CinCi - 2¢ + cicit + cit®) + 207(- Cisr + 4ci - 3ci)]

and finally
o> = 1/12 Ziei? Hi[(Cin1 - Cia)(Ciri? + CiniCi + CieiCiy + €2 + CiCit + Cit?)
+4p(Cint” - CinCi - 26 + cicit + Cit’) + 207(- i+ 4ci - 3ci)]
where
= Zie> Hi(Cis1 - Cit)(Cier + Ci + €i1)/6.
Using
Co—a,
ci=¢C,
C = d ,
(i b ,
H1 = C ,
Hz =D .

we obtain the same formulas in the following forms:
w= [Hl(Cz - Co)(Cz +c + Co) + Hz(C3 - Cl)(C3 +c, + C1)]/6,
pu=[C(d-a)a+c+d)+D(D-c)b+c+d)]/6,
as well as
62 =1/12 {Hl[(Cz - C())(Cz2 + CcoCcp + CaCo T+ 012 + CiCo T+ Coz)
+4p(cy? - cacr - 2617 + ¢ico + o) + 2u3(- €2 + 4cy - 3¢0)]
+ Hz[(C3 - C1)(C32 + C3C, + C3C1 + 022 + Ccci + C12)
+4p(cs® - cs¢a - 262" + cacr + i) + 2u3(- ¢3 +4cr - 3¢)]}
and hence
o’ = {C[(d - a)(d* + dc +da+¢* +ca+a’)
+4u(d? - de - 2¢* + ca + a?) + 2p*(- d + 4c - 3a)]
+ D[(b - ¢)(b*+bd + bc + d* + dc + ¢?)
+4p(b* - bd - 2d* + dc + ¢*) + 2p*(- b+ 4d - 3¢)]}/12.
Finally
o’ ={C[(d - a)(a* +ac +ad +c* +cd +d?
+4p(a’ +ac - 2¢* - cd + d*) + 2p*(- 3a + 4¢ - d)]
+ D[(b - ¢)(b*+ bc +bd + ¢* + cd + d?)
+4p(b* - bd + ¢* + cd - 2d%) + 2p*(- b - 3¢ + 4d)]}/12.
Nota bene: Similarly, we can also determine further initial and central moments etc. [Cramér], e.g.
skewness
Y1 = E[(X - p)’/c’]
and excess
2= E[(X - p)*/c"] - 3.



Piecewise Linear Probability Distribution Formulas
Verification via Triangular Probability Distribution

Main Definitions

Verify formulas for a general one-dimensional piecewise linear probability distribution using
formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a triangular probability
distribution as a particular case of a general one-dimensional piecewise linear continuous
probability distribution for n = 1 and further of a general one-dimensional piecewise linear
probability distribution. Therefore, directly apply the above formulas for a general one-dimensional
piecewise linear continuous probability distribution and namely for a tetragonal probability
distribution to a triangular probability distribution (Fig. 4).

fix) i
(=H, H,— 1
W oa ¢ L8 b «, X

Fig. 4. Triangular probability distribution

Here probability density distribution function f(x) is as always non-negative everywhere (-0 < x <
+00) and can be positive on some finite segment (closed interval)
-o<a<x<b<+w(a<b)
only. Let n = 1 intermediate point ¢ = ¢, so that
a<c <b
divide this segment into n + 1 = 2 parts (pieces) of generally different lengths. To unify the notation,
denote
Co=a,
C = b ,
ci)=ci(1=0,1,2).
On each of n + 1 = 2 closed intervals
ci<x<ciu(1=0,1),
probability density distribution function f(x) is linear. At n + 2 = 3 points
ci(i=0,1,2),
f(x) takes finite non-negative values



Hi = f(Ci),
respectively. Naturally, we have

Ho = 0,

Hz = 0
Note that

H1 = f(C])

with additional natural notation

C=H,
for value f(x) at point

Ci=¢C

may be any finite positive value. At each of n + 2 = 3 points
ci(i=0,1,2),

left and right one-sided limits

lim f(x) =L; (x = ¢i - 0),

lim f(x) =Ri (x — ¢ + 0)
are equal to one another and coincide with f(ci). Therefore, we obtain

Hi:Li:Ri(iZO, 1,2),
which makes it possible to apply the above formulas for a piecewise linear probability distribution
to a piecewise linear continuous probability distribution.
Then on each of n + 1 =2 closed intervals

ci<x<cn(1=0,1),
linear probability density distribution function
f(X) =H; + (Hi+1 - Hi)(X - Ci)/(Ci+1 - Ci)
= Hi(cir1 - x)/(Cir1 - ¢i) + Hini(X - ci)/(Cin1 - €i).
Integral (cumulative) probability distribution function
F(x) = P(X <x) = ..* f(t)dt

is probability P(X < x) that real-number random variable X takes a real-number value not greater
than x .

Normalization Condition

The probability of the event that X takes any finite real value is namely 1 because this event is
certain. This gives integral normalization condition
[ f(x)dx = 1.
In our case we have
1= .. f(x)dx = [, f(x)dx
= Zizo1 Ic(i)c(m) f(X)dX = Zi:o1 .[c(i)c(iﬂ) [Hi + (Hi+1 - Hi)(X - Ci)/ (Ci+1 - Ci)]dX
= Zi:()l {Hi(CiH - Ci) + (Hi+1 - Hi)[(ci+l2 - Ciz)/z - Ci(Ci+1 - Ci)]/(CiH - Ci)}
=Tio' [Hi(Ci1 - ¢i) + (Hiwr - Hi)(cinr - €:)/2]
=Zio' (Hi + Hint)(ci1 - €0)/2
= X' Hi(cir1 - ¢)/2 + Zico” Hini(Cinn - €)/2.
We can also obtain this result at once rather geometrically than analytically, namely via adding the
areas of the 2 rectangular triangles.
Now use
Ho = 0,
H3 = 0
Then
1 =" f(x)dx = Ziey! Hi(Cir - €1)/2 + Ziet® Hi(ci - €i1)/2
=2 Hi(cisi - Ci.1)/2 =H(cs - Co)/2.
Therefore, to provide a possible (an admissible) probability density distribution function, necessary
and sufficient integral normalization condition



has to be satisfied.

Using

we obtain

and finally

The known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a triangular

Co—a,
ci=¢C,
Cz—b,
H =C,

H1(C2 - Co) = C(b - a)

C(b-a)=2,
C=2/(b-a).

probability distribution give the same result.

Use the common integral definition [Cramér] of the mean value (mathematical expectation)

Mean Value (Mathematical Expectation)

n=EX) =" xf(x)dx .

In our case we determine

and finally

Using

n =" xf(x)dx = [,> xf(x)dx
= Zi:()l J.c(i)c(iﬂ) Xf(X)dX = 21:01 J.C(i)c(iﬂ) [HiX + (Hi+1 - Hi)(X2 - CiX)/(Ci+1 - Ci)]dX
= Zi:ol {Hi(Ci+12 - ciz)/2 + (Hi+1 - Hi)[(Cm3 - Ci3)/3 - Ci(Ci+12 - ciz)/2]/(ci+1 - Ci)}
=1/6 Zi:()l {3Hi(Ci+12 - Ciz) + (Hi+1 - Hi)[2(ci+12 + CiriCi + Ciz) - 3Ci(Ci+1 + Ci)]}
=1/6 21:01 [3Hi(Ci+12 - Ciz) + (Hi+1 - Hi)(2Ci+12 - CiCi+1 - Ciz)]
=1/6 Zi:()l (Ci+1 - Ci)[3Hi(Ci+1 + Ci) + (Hi+1 - Hi)(20i+1 + Ci)]
= 1/6 Ziey' (Cis1 - )[Hi(Cir1 + 2¢1) + Hin1(2¢in1 + ¢)]
=1/6 Ei:()1 (Ci+1 - Ci)Hi(Ci+1 + 201) +1/6 Z:i:()2 (Ci+1 - Ci)Hi+1(201+1 + Ci)
=1/6 Zizo' (Civ1 - c)Hi(cir + 2¢i) + 1/6 Ziei® (ci - i) Hi(2¢i + Ciui)
=1/6 Zizol Hi[(CH] - Ci)(Ci+1 + 201) + (Ci - Ci.1)(201 + Ci.1)]
=1/6 Ziey' Hi(Cist® + CisiCi - 2¢% + 267 - CiCiut - Cit”)
= 1/6 Ziei' Hi(cisr® + CiiCi - CiCit - Cit?)
=1/6 Ziey! Hi(Cist - Cit)(Cir1 + Ci + Cit)

w= H1(C2 - Co)(Cz +c; + Co)/6.

Co—a,

ci=¢C,

C2=b,
H1:C,
H2=D,

we obtain the same formula in the following form:

Using

finally obtain

The known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a triangular

w= H1(C2 - Co)(Cz +c; + Co)/6,
u=C(b-a)b +c+a)b.

C=2/(b-a),

p=(a+b+c)3.

probability distribution give the same result.



Median Values

Use the common integral definition [Cramér] of median values v for any of which both
PX<v)>1/2
and
P(X>v)>1/2.
For a continual real-number random variable X ,
P(X <v)=[." f(x)dx = P(X >v) = [, f(x)dx = 1/2.
To determine the set of all the median values v , we can use the above natural idea, way, and
algorithm. Using n = 1 and the above formulas for a tetragonal probability distribution with

d=c,
D=C,
C=2/(b-a),

make the same natural idea, way, and algorithm much more explicit:
1. First determine
F(c) = |..° f(x)dx = [, f(x)dx = [ C(x - a)/(c - a) dx
= C/(c - a) [.{(x - a)dx = C/(c - a) [(c* - a%)/2 - a(c - a)]
=C[(c+a)2-a]=C(c-a)2=(c-a)(b-a).

2.1If
F(c)>1/2,
or, equivalently,
c>(a+b)2,
then there is the only median value v strictly between a and ¢ so that
F(v)=1/2,

F(v) = .’ f(x)dx = [} f(x)dx = [." C(x - a)/(c - a) dx
=C/(c - a) [.'(x - a)dx = C/(c - a) [(V* - a)/2 - a(v - a)]
=C/(c-a)(v-a)2=1/2,
(v-a)’=(c-a)C,
v=a+[(c-a)/C]",
v=a+[(b-a)c-a)2]".
The known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a triangular
probability distribution give the same result.

3.1If
F(c)=1/2,
or, equivalently,
c=(a+b)2,
then there is the only median value
v=c=(a+Db)2.

Naturally, the known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a
triangular probability distribution give the same obvious result.

4.1f
F(c) < 1/2,
or, equivalently,
c<(a+b)2,
then there is the only median value v strictly between ¢ and b so that
F(v)=1/2,

F(v)=1-[,"f(x)dx =1 - [Mf(x)dx =1 - [,> C(b - x)/(b - ¢) dx
=1-C/(b-c)[(b-x)dx=1-C/b-c)[bb-v)-(b>-v?)/2]
=1-Cl(b-¢)(b-v)2=1/2,
C/(b-¢)(b-v) =1,



(b-v)*=(b-¢)C,
v=b-[(b-c)/C]"
v=b-[(b-a)b-c)2]".
The known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a triangular
probability distribution give the same result.
These three conditional formulas for the only median value v can be unified as follows:
v=(a+b)2+ {[(b-a)b-a+|2c-a-b|)]"”*+a-b}/2sign(2c-a-Db).
In fact, we obtain:
1) by ¢ > (a + b)/2,
v=(a+b)2+ {[(b-a)b-a+2c-a-b)]"*+a-b}/2
=(a+b)2+ {[(b-a)2c-2a)]"”*+a-b}/2
=a+[(b-a)(c-a)2]";
2) by c =(a+b)/2,
v=(a+b)?2;
3) by ¢ <(a+b)/2,
v=(a+b)2-{(b-a)b-a-2c+a+b)]”*+a-b}2
=(a+b)2- {[(b-a)2b-2c)]"*+a-b}/2
=b-[(b-a)b-c)2]".

Mode Values

To begin with, consider the common definition [Cramér] of mode values for any of which
probability density distribution function f(x) takes its maximum value fi.x .

In our case, there is the only mode c .

Naturally, the known formulas [Cramér, Kotz Dorp, Wikipedia Triangular distribution] for a
triangular probability distribution give the same obvious result.

Variance

Use the common integral definition [Cramér] of the variance o” of a random variable X as its
second central moment, namely the squared standard deviation ¢ , or the expected value of the
squared deviation from the mean:
o2 = E[(X - 0] = [ (x - pf()dx
In our case n = 1 we determine
6> =" (x - WH(x)dx = > (x - p)*f(x)dx
= Zio' Joo ™™ (x - W)X = Zico Jo ™ [Hi(x - ) + (Hin - H)(x - )(x - €)/(cir - ©1)]dx
= Zig! oo {Hi(x” - 2ux + %) + (Hiey - H)[X* - 2+ c)x + (1 + 2pe)x - pleil/(cinr - ¢i)}dx
= Ei=01 {Hi[(ci+13 - Ci3)/3 - 2M(Ci+]2 - ciz)/2 + l.lz(Ci+1 - Ci)]

+ (Hi+1 - Hi)[(Ci+14 - Ci4)/4 - (2” + Ci)(Ci+13 - Cis)/3 + (},lz + 2“01)(014—12 - ciz)/2 - uzci(cm - Ci)]/(Ci+1 - Ci)}
=1/12 i {Hi(4Ci+13 - 4c - 4},LC1+12 + 4j,lC12 + 4;,t20i+1 - 4“201) + (Hix1 - Hi)[3Ci+13 + 3ci’ci + 3cinc +
3Ci3 - (4Ci + 8“)(C1+12 + Ci+1Ci T Ciz) + (12}101 + 6”2)(014-1 + Ci) - 12”201]}
=1/12 Zi:ol [Hi(4Ci+13 - 4Ci3 - 4|,lCi+12 + 4},LC,'2 + 4},l20i+1 - 4“201') + (Hi+1 - Hi)(3Ci+13 + 3Ci+120i + 3Ci+1012 +
3C13 - 4Ci+120i - 4Ci+1012 - 4-Ci3 - 8MC1+12 - 8”C1+1Ci - 8}1&12 + 12“C1+1Ci + 12uci2 + 6|,t2ci+1 + 6“201 - 12uzci)]
=1/12 22 [Hi(4Ci+13 - 4c - 4},LC]'+12 + 4MC12 + 4}1201+1 - 4},l2Ci) + (Hini - Hi)(30i+13 - Cin’ci - Ciaici - ¢ -
8}1Ci+12 + 4MCi+ICi + 4}1012 + 6uzci+1 - 6“201)]
=1/12 21:01 [I‘Ii(4Ci+13 - 401'3 - 4},lCi+12 + 4}10,’2 + 4M2Ci+1 - 4“201' - 3Ci+]3 + Ci+1ZCi + Ci+1Ci2 + Ci3 + 8}—lCi+]2 -
4],LC1+1Ci - 4}LC12 - 6M2Ci+1 + 6M2Ci)

+ Hi+1(3ci+13 - Ci+1201 - Ci+1Ci2 - 013 - 8],lCi+12 + 4},lCi+1Ci + 4|,lCi2 + 6|,l2Ci+1 - 6M2C1)]
= 1/12 Zieg' [Hi(Cist® + Cisi’ci + Ciniei® - 3¢ + 4pucint” - 4pciaci - 2pci + 2p°cy)



+ Hi1(B¢iat® - CiriCi - CiniCi® - € - 8uCint” + 4pcinCi + 4uc® + 6p’civy - 6p°Ci)]
= 1/12 Zie' (Cis1 - €i) {Hi(cist> + 2ci1€i + 3¢ + 4pci - 217%)
+ Hi+1[3Ci+12 + 2¢i+1Ci + Ci2 - 4“(2Ci+1 + Ci) + 6“2]}
= 1/12 Zivo' Hi(cis1 - i)(Cisr” + 2Cinici + 3¢ + 4pci - 2p%)
+1/12 Zizol Hi+1(Ci+1 - Ci)[3Ci+12 + 2¢inCi + Ci2 - 4“(2Ci+1 + Ci) + 6},L2]
= 1/12 Ziet" Hi(cit - i)(Cisr” + 2¢inici + 3¢ + 4pci - 2p%)
+1/12 Ziey' Hi(ci - ci)[3¢ + 2¢icir + cit® - 4u(2¢i + ¢iy) + 6p°]
=1/122! Hi(ci+13 + 2¢i%Ci + 3cic + 4MCi+12 - 2u201+1
- Ci+120i - 2Ci+1012 - 3013 - 4pCi+1Ci + 2H2Ci
+ 3013 + 2Ci2Ci.1 + CiCi.12 - 8”012 - 4},lCiCi.1 + 6”201
- 3¢i’Cit - 2¢iCi” - Cit® + 8pcicin + 4puci’ - 6p’cir)
=1/122" Hi(Ciﬂ3 - ¢’ + cin’ci - cici? + ciic - cfei
+4uci® - 4pcici - 8uc? + 4ucici + 4pcia® - 2p’ci + 8plci - bu’ci)
=1/12 2! Hi[(ci - Ci.1)(Ci+12 + CiniCi + CiriCi + ¢ F Cici Ci-lz)
+4uci” - 4pcici - 8uc? + 4ucici + 4pcia® - 2p’ci + 8pci - 6u’cia]
=1/12 2! Hi[(ci+1 - Ci.1)(Ci+12 + CiniCi + CiriCi + ¢ F Cici Ci-lz)
+4p(cin® - CiniCi - 2¢ + cicit + ¢ir®) + 21 (- cia + 4ci - 3ci)]

and finally
o” = 1/12 Zie' Hi[(ci1 - cia)(Cint® + CiriCi + CiriCit + & + CiCit + Cit”)
+4p(Cint” - CinCi - 26 + cicit + Cit’) + 207(- Cisr + 4ci - 3ci)]
where
p=Ziet" Hi(Cis1 - Ci1)(Cier + Ci + ci1)/6.

Using

Co—a,

ci=¢C,

c=b ,

H1 =C ,
and the above formulas for a tetragonal probability distribution with

d=c,

D=C,

C=2/(b-a),

we obtain the same formulas in the following forms:
w= Hl(Cz - Co)(Cz +c + Co)/6,
u=C(b-a)a+b+c)b,
p=(+b+c)3,

as well as
62 = 1/12 H1[(Cz - Co)(sz + CC1 + CoCo T C12 + CciCo T+ Coz)
+ 4”(022 - CxCy - 2C12 + cico + Coz) + 2”2(- Cy + 4C1 - 300)]
and hence
o*=C[(b - a)(b* + bc + ba + ¢* + ca + a?)
+4u(b? - be - 2¢* + ca + a*) + 2u*(- b + 4¢ - 3a)]/12,
o’ =C{(b-a)a*+b?+c*+ab+ac + bc)
+2u[2(a* + ac - 2¢* - be + b*) + p(- 3a - b + 4¢)]}/12.
Substituting
p=(a+b+c)3,
we obtain

o> =C{9(b - a)(a® + b* + ¢* + ab + ac + bc)
+2(a+b+c)[6(a’+ac-2c*-bc+b*)+(a+b+c)-3a-b+4c)]}/108
= C[9(b - a)(a> + b* + ¢* + ab + ac + bc)
+2(a+b + c)(6a’ + 6ac - 12¢? - 6bc + 6b? - 3a* - 3ab - 3ac - ab - b? - bc + 4ac + 4bc + 4¢?)]/108
= C[(9b - 9a)(a* + b* + ¢* + ab + ac + bc)
+ (2a + 2b + 2¢)(3a* - 4ab + 5b* + 7ac - 8¢? - 3bc)]/108



= C(9a’b - 92’ + 9b’ - 9ab? + 9bc? - 9ac® + 9ab” - 9a’b + 9abc - 9ac® + 9b’c - 9abe
+ 6a’ + 6a’b + 6a’c - 8a’b - 8ab” - 8abc + 10ab? + 10b* + 10b’c
+ 14a’c + 14abc + 14ac? - 16ac® - 16bc? - 16¢° - 6abe - 6b’c - 6bc?)/108
= C(- 3a’ - 2a’b + 20a’c + 2ab? - 20ac’+ 19b* + 13b’c - 13bc?- 16¢)/108

Finally

Nota bene: Similarly, we can also determine further initial and central moments etc. [Cramér], e.g.
skewness
Y1 = E[(X - p)’/c’]
and excess
2= E[(X - p)*/c"] - 3.
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