http://honyaku.yahoofs.jp/url_result?ctw_=sT.eCR-
EJ.bT.hT,uaHROcDovI.3d3dy50Ym5zLm51dC9sZW8vR0OVzdGlUeH
QuaHRt.glang=jalfor=0lsp=-
51fs=100%Itb=0Ifi=01fc=FF0000Idb=Tleid=CR-EJ,

online marketing

Yahoo! JAPAN - Yahoo!&lZR - {#iv )

NR=UNOaLT oY EOBEITIH D FHA, FXOR—=I1F, ZH 5 HRERT
V7 Uy 73 5E U4 RUTHERRERSLET, (VU 7O0OREINTT

»//w w w .tons.net/leo/GEstiTxt.htm BR %:J:J nﬁﬁ ﬁ
R B sp b dospbmop B gl posh b g
o BOFECC LR Y oson

Bl - kBt 0 x5 =y

General Estimation Theory

— MRAY 72 At B
by
F 13z

© Leo Himmelsohn
© L Z Himmelsohn



Second Edition (2001)
FE2AD T 4 3 2 (2001)

The *“Collegium” International Academy of
Sciences Publishers

' ZEB=] A4 ¥ —F 3 3 F/LAcademy
DFEH R

First Edition (2000)
BEAIDTT 4 3 2 (2000)



Urgent scientific and life problems demand development of modern
estimation methods [1, 2]. The concept of approximate solutions does
not cover inexact pseudo-solutions. Absolute errors are not invariant
measures of accuracy. Relative errors are used only for equalities of
exact values to their approximations and become indefinite and
inadequate if the ratio of the sides of the equality is not close to 1.

BRAORZHNRE L OEMGREIZ, SaosHMEisE [1, 2] ©
AR AZER LET, BLZOMROBEEIT, NEMRARRIZ
IN—LFERHA, MExtOTT—

L. EESOAREOHATHY FHEA, FEOHDLFENIIL
T7RWR HIE, FXE7e =T =23 5 DU b O IEHE 72 i
D

equalities7Z 1} DT OO T, HME TR TR %
ER

Estimation methods must be based on the intercommunicated concepts
of sets and numbers. But the Cantor's concept [3, 4] of sets ignores
multiplicities of their elements, identifies essentially different sets, and
gives indefinite numbers of elements and other functions of sets
especially if they involve closely spaced elements not exactly known,
although the multiplicities of solutions of polynomials are used in
algebra. So it is necessary to consider generalized sets with taking the
multiplicities of their elements into account. And the known numbers
are insufficient to construct sensitive estimations and need their
replenishment.

M TEIL. By R EBOMAEIZHE T S SIS T
Miﬁbiﬁh L2, By hob v h—rofa [3. 4]
L BEOW S DEFR LB L

f\%xmuiﬁéﬁ/%%%mbf\%Eﬁ@%%@%@ﬁ
DB TR A N, FRZE LRV T LHHI BV TR W
PCHIBRE DT o EBE LT

DI, EROARHMERLE Yy NOMMOBELZIEAET, T4
T, TS DEEO LM EZBBICANLDL Z & THo LT
Wity NEBET HDICHET

T, LT, BEEoOHIL, #Udihzi&E-> T, oo mrs
M LT HIZIEFEA T,



Let v: x — vx be a numerical function (functional), whose domain of
definition includes all sets of some type, whose values are some
generalized numbers of the elements of sets, and which satisfies the
following basic axioms:

nk LTS x

nx /LI S DN E T O X A4 7Ot v b EE OB
PRER7R) T, Z LT, MifEIXE Yy OB TFOHEL T
WHOHEFRT, £ LT, DITOR RN E 22T

1) if a set x consists of one element only, vx = 1;

1) By FSNIxBINBR DR BIE, EFE, nx=17217;

2) the estimation function v is quite additive:

2) FHmEEREn FEF ISR T ¢
VU gen Gy = ZaeA vG,

where G, — any generalized set indexed by a in Cantor set A having

any cardinality.

% Z TGa-

FATON > b= L2 TA T v 7 R bid E AR5y

LTty b ThH, EARBEHTHLR>TWI ATy
FLELT

It can be rigorously proved that for the empty set 2,
ZThi, ZDty bolzwnzntnw) Z ez LEHS
HTEMTEET,

vo =0,

for any finite set,

ENTRAIREY FDTEHITTY,
v{ai, ay, ..., a,} =n,

and for any set if one element is added to or is withdrawn from x, vx is
increased or decreased by 1, respectively. This is known only for
finite sets because it is considered that any cardinality is absorbed by a



greater infinite one although it is not true for ordinal numbers [3, 4].
In particular, if N is the Cantor set of all the natural numbers (positive
integers) and it is designated that vIN = ooy,

ZL T, 1DODOEENBEINDED, x0HF2AD BN 61T
L EAREY FOTEOIZTH, FNEIL, nxIX R E TITHERE
SINFET, FFEG [3,

4] [ZE o TEETRVWNEALRIEETH LV ERRERD A
IZBEHPTHDHEEZLNDLDT, ZIUTARE Y FETTHDS
NTWET, FiZ, NBRTXTOH

REC (IEEE) EZNOEEINDSGT S F—ATHHNE D )
1. FOnN=\NEFRSNF T,

OON+1>OON.

If N'1s some subset of N and there exists such a (fractional) number

un: and such infinite subseries n; in N that for every k
N

O] L WL OPBNOY Ty hTT, FLT, FOLD
7 (OT 7)) FmNQ, FETAH] ETHH LW AHkDTZDHD
N C# O SR D subseries nk

vIN'N { 1,2, ..., n}) = un ng

then N' is called fractionally numerable and it is designated that vN’ =
HN-OON.

ZLTON] FhFhiEmzaons et bnEd., £ LT, Th
(TZOnNEFRES N E §J =mN\N,

If N'1s the former and N" is such a subset of N that the both

differences N" \ N' and N'\ N" [3, 4] are finite, N" is called finitely
fractionally numerable and it is designated that

N HIE] . BiIEENTHD) NOZDOLH YTy v, #
NTHHHSITOEWVN] \NJ] ENJ

NJ [3, 4] 13, EETT., NI DTN 6 THIFRAIZ
EWVWET, ZLT, ZNRENEHRINET

VN7 =vN’+ v(N"?\N’) - v(N* \ N’).



(But there also exist other types of subsets of N, for example,
(L2rL., £72, &z NOMOFZ A T o781 > M,
FELET

{11, 12, ..., 100, 1001, 1002, ... , 10000, ..., 10™" +1, 10™" + 2, ...,

107, ...}).
Let us then designate
TNNHRE D
l/OON = O+,
0-0"=0,
(0 =0

r+ 0P =7,
r-07 ="
where p > 0, r — usual real numbers or infinities.

Z 2 Tr>0, r— HlOREE IITER,

So every real number (or infinity) represents the infinite set of
generalized real numbers (R+ is the set of such positive numbers)
55 R (FTITEER) 230E L TN EEO RO
Yy FERT LT, RHI, 2O XS REHDE Y FTY)

[peR+rp_] U {r} U [peR+rp+]a



which is intuitively used in limits and improper integrals and allows to
obtain sensitive estimations having some parameters (for example,
weights) 0" instead of 0. Besides that, only such generalized numbers
provide expressing probability densities and distribution functions in
uniform distributions over sets of infinite measures. And such
distribution functions can be depicted not in Euclidean but
Lobachevskian geometry that is therefore connected with probability
theory by the theory of generalized numbers.

Z L CEAULBREE & B CHEBIRICME DI T, 001
(ZETFDRT A =% (2L ZITEZ) N D8RRI+ %
RFIEDITOICHFLET, ThoD

iz, T X725 b LTV WETE T iR, ERDOALE D& v
N D LIZE)— 700040 THERBEE & B A RT Z L 2L
9, LT, 2D XD R0 AmBEE

X, L7 o> T, b LT WE O BEERIC &L - THERGm & B
%75 % B Lobachevskian>’ 4 A kU —LIAFI2—27 U v RO H D
TRINDHZENT ETEHA,

The least upper and the greatest lower bounds [5] on any ordered set
M are still less sensitive for estimation than the known sets and
numbers. So it is necessary to introduce some generalized bounds.

EL WO ED LOIEFEEMO TR [5] . &
el BEoty FEEEY EFEBIETHY FHA, TNT
. ENUTET O L TWRWRER Z2FF 5 H T OICKE T,

The generalized least upper bound sup M is the generalized set of the
usual least upper bounds on generalized subsets of M reduced from
above and is numerically equal to the usual sup M.

eH MR/ ERIT. ME2TT 0 85 moik/h EROSME LT
W E Yy R EDNBEG SNLAMD L L T2 WnWiE 7 & v
FOERIZHY 4, £L T, HEOD

DL BEMICE L NTIMET TV £97,

The generalized greatest lower bound inf M is the generalized set of
the usual greatest lower bounds on generalized subsets of M reduced
from below and is numerically equal to the usual inf M.

254k LT vy FIRinf



ML, FDOBHEL SNAMO5L L TWinWi7 & v hOiim
D FEROIME L TV nvE > T, B Dinf
M & FAERIIZEE LT,

All these generalizations have a deep analogy and allow to propose
some effective estimation methods.

TRTOZNSDO—LITIFEEL AL E9, LT, AT
DNERIFHM T EZTRE S TBW TS EE N,

The method [6] to determine the hypererror
hypererror Z{RET % 7154 [6]

0 =la—Dbl/(lal + bl)

of a formal (true or false) numerical equality a =? b can be naturally
generalized to any functional equality or equation in some linear
normed space and to such combined equalities or equations. Let us
consider the equation

B (KUY TH D) ME-72) numerical ‘LED=2blL. & T
DRI/ Vv NZEB] D L A RER 72 FE E 213 U T,

ZL T, 2O X5 G FHD

equalities ¥ 72 1 I HFREUCTHARIC —ILINDH T E N TE £,

FREAZZREL LD

Liloco foloca Zoll =0 AEA) (1)

where

ENG
N—

L, — a given operator having an index A from a set A;
Li-A YTy I ANDLPFEDANL—F—1
Ty hSNTL b,

f, —an unknown desired function having an index ¢ from a set ®@;
fo—

REET, By PENFFNDLA VT v 7 Rjafio T D ikEE
B LE LT



7, — an independent variable having an index ® from a set €2;

Zo— &Y NENTEWNLLA VT v 7 Awk o TV DML

[oeo Z,] — a set of indexed elements.

[ocq Zo) — —HHDA T v 7 2% AHT BB,

The local hypererror may be defined by the formula
2 — 71 JVhypererrorid, ARUIZ L > TERINDLNE LILERFA

Sk[meQ Zco] =

o 1Ly [pea z]llh, /

(1L [wea Zollh, + 0 1L [peq Zo]lh) +

BLlILy [weq Zoll /

(”lLX,[a)EQ Zco]”'?» + B?u ”lLX“[mEQ Zco]”'k) +

VLY [wea Zollh /

(Sllp ”Lk, [0)6(2 Zo)]”k + %u sup ”L)\,“[(J)EQ Zm]”k)

2)

where

EZT
N—

o, , P , v, — generalized positive numbers, their sum be equal to 1;
a,, BX > Y —

Bz —IbLET, o0@8IE, 1LFLWTT,



oy, By, va — generalized positive numbers;

o, B, va— 0 L TR W IEEL

Ly’ [oeq Z,] — the left-hand side of (1) as a direct (not composite)
function of the independent variables;
Lk’ [cer Za)] -

MSIEHDOE A LT b (FRTZRY) EEE L To)D L,

the both sup are taken in the domain of definition z; of the equation;

M5O 9 0 £ HRADERHDETLET,;

L) [weq Zollll;, — the usual least upper bound on the norm of Il [,cq
Zolll, when all possibly different isometric (conserving the norms)
transformations even of equal elements in L, [,<q Z,] are considered;
1L [oeq Zollll, -

> THRIEZFEODIT 6D EHBOHED O EWTTOHE S ILI [w
W

zw] OFELWEEDZZTXTORAEN L TR DERME (
HKEZERT D) BIENBEINDILL [wWzw] I

L,“[ocq Z,] — some function that is chosen (together with a;, By, v,
o, By, vo) by the principle of tolerable simplicity [6, 7] so that the
estimation (2) is the most sensitive one over the set of the classes of
the functions f, under consideration, i.e., the difference sup 6 — inf 6
has the greatest value.

Lk“[cer Za)] -

Thbb, FHhQ)BBEF OGO 7 7 ADE v O FIZHK
HLEIRLR DO THDL IO, IFRTE LM [6, 7] OJFH]
X o T&EIIND (al,

bl, gl. al, bl, gl& i) HEEEWA, d&F3 9 £79 —inf
dix, b RERMELFEHE T,

Similar estimations can be proposed for other relations, too. If in (1),
the equality sign is replaced by inequality one, let 8;[,<q Z,] = O if the
inequation is true, and let us use the formula (2) otherwise. For the
generalized comparison

FALL U723, oOBRDO7ZZDICbIRESNDL LN TEE



T, (DT BT, PEBENRNEEIEERYVEZ T, £9d
1 [wW

zw] . AERIZL > TEFET, xR TIAKQ) &M
YZEMNTEERBIE=0, b L TWRWEEE D 7= 812

= b (mod d) (i.e., (a — b)/d is an integer)

a
b (FATORImDd) (T72bb, (—bydix% 5 TTHEH)

where a, b, d — complex numbers (d # 0),
EZT. b (d -#EFE% (o) .

the hypererror may be given by the formula

hypererrorid, ARUZ L > THAZBNL0 b LILEFA
6 =min({|la - b[/|d|}, I - {la—b|/|d|})

where {x} — the fractional part of a real number x.
EZT {x} —AREDOF L R—xD DT N7ER5T,

Any pseudo-solution

E NI BRI T

[(pE(D f(p[o)eQ Zo)]]

to the equation (1) transforms it into equality (1) is also estimated by
the formula (2).

(ORZEHT 5 HREAUTE - T, EED)~DOZFNE, AXQ)IZ
KXoTbhbHEEZN £,

Generally, a hypererror is some functional
1% . hypererrorid/V LEERER T

GU—[0,1]ucse U=E U

where

EZT
N—

U — a domain for estimation;
U — 2l o 7= b D fE I



E — the subdomain containing all the exact objects;

E- T XTCOIEMEME G TWNDEY T RAAL

I — the subdomain containing all the inexact objects,

Fh— T RTOREME LG TWDYTT KA A

which satisfies some basic axioms:

Z L CEITIHE T OFEARRN R B 272 U E§ -

1) for every e € E, 6(e) =0;
1) 5P 5eD7=OIZE, dll (e) =0;

2) there exists an i & I such that 6(i) = 1.
2) iNFELETRUL, £D X HZDd(i)=1TT,

The simplest (but insensitive) estimation is locally logical:

wbEMR (UL, $i&7R) SHliE, Hoo TRy T ¢

o(u)=0ifu € E,
d (u=0%H L HukE,

S(u)=1ifu € I.
d WLZ253w) =1

So its sum with the probability, that an object to be estimated is exact,
is identically equal to 1.

TN T, HEE SN DM IERE T 5 AIREVEIC & 5 T DOa%EIT,
1EFEC<SFHELWTY,

The domain average power weighted hypererror in the Ath relation can
be defined as

F1DOBALR D J1INE Dhypererror/N EFe S5 Z & 23T X 25 fHlEk
o

S(m()) = (lim (81l Zol)" Pprloca 201dV(z))

jpk[meg Z(D]dV(Z}\,’ )))1/’"(70



(2 — 7)

where

ENG
N—

z) — the domain of definition of the Ath relation;
2, — S0 BILR DO W X O FEK;

7;”— domain's approximations that have finite measures V(z,’) and are
domains of definition for the both integrals;

A RRALEV
R T\ Azl fEEOIT WL D (z1] ) . LT, HES D
EEE., W OEED DT

pk[mEQ Zm] —a Weight;

pk[mEQ Zm] - ﬁ é ;

m(A) — a positive number possibly depending on A.

m\) — BZF 5 UEFE L TW B IEE,

The domain average power weighted hypererror of a pseudo-solution
to the combined relations may be defined as

#16 BAtR DAAREDR D JJINE Dhypererror)d R S LD 00 LALZR
R 2

BAIAY) = (Taca@Gum()Y ©py [T p i)™

dL (n (L) ) X, =73 (AL (d (m (1) ) n (L) plJ AL
pl) 1/n(L)

where

EZT

A — the set of indices A, which has the cardinality c(A);
ATy 7 XDy b, £ LTERIETEE (A)

n(A) — a positive number whose value may be 1, 2, c(A), etc.;

n(A) —lfE2 N, 2, ¢ (A) . ZOMTH L0 LILRWIEE;



p).) —a weight,
px’— ﬁ é N

or as

H DT

OA = Supycp O (m(r)).

For instance, let two pseudo-solutions to some combined four
relations have the partial hypererrors

To& 213 A B DEEAS DR D2 DRAFRRIZE /3 HY 78
hypererrorsz £f7- - T< 7230

1,1,1,0;
1,0,0,0,

respectively. Their Cantor sets are identical and equal to {1, 0} (and
are indefinite at all if their elements are inexact, which often happens),
but it is intuitively obvious that the second pseudo-solution is much

more precise than the first one. So let us consider just the generalized
sets

FNEN, ooy b=ty MIFE—THELWTT {1, 0
b (ZFLTC, ODEBVAEMTH L HIE, o7 < Wik
ThHhyFHA, LITLITEZD F

T) . LL., F2OBMBHIBERIOE O XY IEFITIE#RTH
HZEFEBMICAGNTT, T, E3ITEL T 70
ty FEZEELLD

A={1,1,1,0}; A, ={1,0,0,0} (3)

where the multiplicities of elements are included. But sup A; = sup A,
= 1, so it is necessary to determine just the generalized least upper
bounds. The generalized subsets reduced from above are

WEOLEENGEND LA, LrL, DI=AD2=

12T TH52E2TTVRINVDOT, FEE STt/
FERERETDHOIINLETT, ERELLES SN0 LT
W7y ME, £9TT



{1, 1, 1,0}

{1,1,0};
{1,0};
{0}
and
< LT,
{1,0,0,0};
{0,0,0};
{0, 0};
{0}.

Their sets of least upper bounds coincide with the sets (3) themselves
in such a case. The minimally reduced from above subsets having
different usual least upper bounds 1 and O are {1, 1, 0} and {0, 0, 0}.
So sup A; > sup A, and the second pseudo-solution is estimated by d5
(for d,(n(A)) it is obvious) better than the first one as required.

BNEFROHB SOy NI, FoloEStEy N 3) AL
CRIECT, H/DRICHE A EOR/NER1E0DH A LD
7y FRLEOLTHDIE, £

>T4 {1, 1. 0} . LT, {0.0,0}, TNT, DIZTY
STLIESV >

D2&FF - TS, Z LT, F2OBMIITLEE LT
CEAOBDO XY K<, dL (AL (n (L) ) O=HIT, FhidH
S5 TT) X THES LET,

In particular, such methods for estimating hypererrors provide many
new methods to sum up divergent series [8, 9] > ;=n a; by obtaining
constant A that ensures:

RiiZ,

hypererrors = #EE 5 D X 5 R HIEIR, ENNHERIZT HHE
FHRAZGELZ LI > TARWZEZ5ES] [8, 9] i



NIVabF~<~rE /) 2B HTH72DI0, < OF LW IEE
T F9 .

infysup, ||A-(@1+ar+...+a,)||/A+||A=(a1+ar+ ... +a,)|);
infAsupnllA— (al+a2+...+) I/ (1+I1A—- (al +a2
+...4) 1) ;

inf, lim, ., ||A—(a;+ar+...+a,)||/A+||A-(a1+a,+ ... +a,

D;
infAIZ, \ZHiZETINA- (al+a2+...+) I/ (I+I1A- (al +

a2+..+) ) ;

inf,lim, . [|A-(a1+a+...+a,)||/A+||A-(a;+ar+ ... +a,

),
infAlZ, \ZHiZETINA- (al+a2+...+4) I/ (T+I1A- (al +
a2 +...+) )

where lim — the upper limit;

% Z Clim - _E[RE;

inf, sup, (1Y iy (1A =Y i a1/ L+ | A= 2"y a D)™™
infA supn (n-1ni=1 (lA-éni=1I>Y & F~7E/ I/ (1+I1l
A-dni=l IV F~<TE /1) ) q (n) l/q (n) ;

infy lim, o7 'Y i (1A = Xer a1/ (L 1A = 2 @ D)™™
infA (3, \ (n-1ni=1Z#& ¥ (lA-dni=l I Y2 F~ 7T/
I/ (1+IA-ani=1X Y& F~<7E /1) ) q (n) l/q (n) ;

inf, lim,_..(n"' Y o (1A =Y i a: |/ A+ |A=Y"; a; I[))4) et
infA X, \ (n-1ni=1Z2E £ lA-dni=1IY a2 F~rE/
I/ 1+l A-éni=1I Y2 F~7F /1) ) q (n) 1/qn)

where g(n) — a positive function of n, which can be, in particular, n
itself or a constant g.

% Z Tq(n) -
nDGHEEE. & L TEIUE, ¥rlZ, nBEREZIZEFEI72qTH
D 2%,



But hypererrors can be sensitive in principle to inexact pseudo-
solutions and not toexact solutions that have different reliabilities,
especially if they and relations themselves are inexactly known. For
instance,

L2sU., RIS EBAMRME D B A IEEMICH N TND R 5
(X, hypererrorsi3JFHI & LT, 572 DM 2 KON IEMER (%
fif R & toexact TR T2 < UK TH Y 2 3, =& I3,

x =1+10" x,=1+10"

are exact solutions to the inequality x > 1, but x; is practically dubious
and x, is guaranteed. So it is necessary to introduce some concept of a
reserve

AEEDIERERERIL, x T >
HIXIUAADIFEA RO LWTT ., F LT, RRUIMEIESNF
T, FNNREBEZOETOMAZFRHLHITOIILETHL L IHIZ

R:U—[-1,1]

whose values satisfy the following basic axioms:

HEDME D . LR OFEARMRFF 2 LET 0

1) forevery i € I, R(i) =-831) € [-1, O];
1) HHP2iDDIZEL R() =-38(FL) € [1. 0];

2) for every e € E, R(e) € [0, 1];
2) HHWWHeDT=HIZE, R(e) € [0, 1];

3) there exist suchan i € I and an e € E that R(i) =—1 and R(e) = 1.
3) TDOX D RINFELETFLEe EZDRGE) =1LR (e)=1,
For instance, the reserve of any pseudo-solution x to the combined
inequalities

=& 21X, BERYLEAD ELBRERIxDE 2 T

[(xeA g Exe b[} ﬁeB]



where

ENG
N—

a, b, x — real numbers;

Cl, b9~x— gﬂéa}é‘ﬁa

& — one of the signs <, <,
U-HA1r< (£) DOIHDID

can be defined as

ERINDIENTEET

R(x’ [(xeA g Exe bﬁ BEB]) =

inf,c o pep ((x - al)/(IXl+2lagl+1), (bg - x)/(IxI+21bgl+1)).

R (x [AaaxbbbB] ) =infaA, bB ( (x—
TITwE) | (X217 TIEEAERHD . (bb—x)/ (xI+2Ibbl+1) ) .

Thus reserves provide arranging all pseudo-solutions. If there exists a
pseudo-solution that has the maximal reserve, that may be called a
super-pseudo-solution. An exact super-pseudo-solution may be called
a super-solution, an inexact one is called a quasi-solution. The super-
solution to the inequalities

COE I, BAITSCOBMREFRT S - L AR LE
+. BRIROEZ 2 BB EIET 572 513, ZhUEA—
SR BRI L FETH T B2 L

NEH A, TR A SRR T A — s S & IR T
WHE LIVER A, RIEMEZ b O IZHERR & STV ET
L RIPEED A S fiRR

ap € x € a; (6)

18
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x, = 0.25 (2 + 2lagl + 2layl - lag+ a))* + 8lag + ;)"

-2- 2|a0| - 2|Clll + |a()+ all) sign (ap + al).

xs=025 ( ( (242o®1a0l + 2> Dlall 1a0 + all) 2 + 8la0 +
all) 1/2

—2-2oMla0l 2>Dlall + la0 + all) . B LT 7 & (a0 +
al) .

If there exists a pseudo-solution that has the minimal reserve and is
inexact, it may be called an anti-solution. The anti-solutions to the
same inequalities (6) are

/NDEFEZ Zfio T, NEMET® D BRBIFET 572 B,
LAV LI TV 2D s LIVER A, R URFEEEG)D
PRI, €5 T

x4 = -0 1f a; > |ag| or (a; = |ag| and (6) has a form —|ay| < x < |ay));
al 72 BIExA =\> a0l H D5 L.  (al =la0l
Z LT, O)FFa0zFHETI<x£ lall) ;

x4 =+ if ay < —|a;| or (ay = —|a;| and (6) has a form —|ag| < x < |ay));
a072 HIExA =+H< lall HAHVME, (a0 = lall
Z LT, (6)IFFla0ZFFH £971 £x<1all) ;

x4 = +o0 if ag = —a; and (6) has a form —|ag| < x < |ag| or —|ag| < x <|ay|.
a0 = al & (6)23F1a0% £72 72 5 1 TxA =+\| < x< [a0l F 7= 1% a0l
£x £ 1a0l,

If the set of pseudo-solutions is compact, super-quasi-solutions exist.
They can be determined by the method of equalizing the partial
reserves of a pseudo-solution to separate relations.

(AR DE Yy FR NI P TH LR B, A—sS—-HE.
FRIRISMFAE L7, 1513, BIFRZ UV B9 72 DI ARIR O &
REAZF LS TLOHETHMES D ENTEET,



Estimations are often given by corresponding probabilities. It is
possible to generalize the concept of a probability [10] that is locally
logical because every elementary outcome gives either O (if it is not
favorable) or 1 (if it is favorable). So a usual probability may be
considered as a logical reserve that is equal to 1 for exact solutions
and to 0 for inexact pseudo-solutions.

FEIE, ST A AREHIC Z T LIZLIEERET, HHWwH
HARDFERNO (ZNDBEF TN H1E) 1 (R HFERIT
HoHEBIL) 25250 T, #ix

TimBE CTh D AlREME [10] OBE&EZ b3 5 Z & 1%, FAlRE
Td, TNT, @O, EREREIROT-DD1E T,
Z LT, RIEMERBIRRIEDT=D D 0
FTCELWVRBENEZ B2 L EE A,

Let us consider the conditional probability P(s|p) that some pseudo-
solution is an exact solution. When using uniform distributions on

SRNAT & =R 2 T OB DN IERE R BRI TH 2P (slp) &%
AL D, RoTNDY— pipfiefis & &,

(-00, ) or (—m/2, m/2) = y = arctan x,
(A V) . BHDEWE. (p2. p2) [e=wERRIHx,

the probability of holding the following inequalities is:
LIF O RO REMIZ, LT D@y T

x<a: P(slp) =V2+ Y2 alw or P(s|p) = Y2 + 1/m arctan a;
x<: P (slp) =+a\, HDHWE, P (slp) =+ 1/pif IEREEIEL;

x> a: P(slp) =%2—"%2 alwo or P(s|p) = ¥2— 1/m arctan a;
x> P (slp)=ta—tYaa\, HDHWX, P (slp)=t2-
1/pifi IEHZBREK;

ap<x<ay:P(slp) =%2 (a, — ap)/o or P(s|p) = 1/ (arctan a, — arctan
Cl()).
a0<x<al : P (slp) IX, =T7 (al —a0) A, HDHWIE,
P (slp) =1/p (WiEHERIEal — W EBZEI%R0)



When using uniform distributions on

RO TN Y Ttz & &,

(-o0, ©) or (-m/2, m/2) = % = arctan x

(A, V) . BDAIWIE, (p2. pr2) Te=w1E#ZB%Hx

corresponding to more sensitive reserves generalizing probabilities,
the expected value of the reserve (5) of the inequalities (6) is

AREMEZ — (L L TV D KD BURARFB R L —B LT, NF5E
O)DTRG)DIIFFHEIL, € 5 TT

M R(x,ap<x<a;)= (27t)'1 X
Yo ((((1) + sign xy)adn(1 + 2lad)/(1 + 2lai + 2a;) -
0.25(1 + (-1)' (a; + 2ada)/(1 + 2la}l + 2a;)) +
(2m) " (arctan x,) Yo ' (sign x, - (a; + 2aja)/(1 + 2la) + 2a;°) +
(4n) "Y' (1 + a;sign x,+ 2laDIn((1 + x,°)/
(1 + 2l + 2aN/(1 + 2la)l + 2a;).

MR (x (a0<x<al) ) = (2p) -11i=0 ( ( (1) i

+H¥fExs) ailn (1+22DIT Y2 F~<~~7E /1) / (1+

AI VS~ E /1+2ai2) -025 (1

+ (1) FA (Y=~ rE/ 420V tb<rE /1) /(1
+2AI V=T /1 +2a020F) ) + (2p) -

LI G IFERE HixsiE) 1i=01% (xsZ B4 T 5 —

(Ve SF~FrE 420V~ E /) (1+
AV F~E /1+2ai2) + (4p) -11i=0 (1
+IVabEF~rE  HExs+23 YV~ E /1) In ( (1



+xs82) / (14213t~ /1+2ai2) )/ (1+
AV S~ T /| +24ai2) .

Besides that, the usual probability, initial and central moments [10]
are not sensitive to the incompleteness of information. For example,
each of them gives identical results when one ball is extracted from a
box having white and black balls in equal or unknown portions. It is
conditioned by the first power of probabilities (for discrete random
variables) or of their densities (for continuous ones). Hence one may
utilize (usual or normed) initial and central moments for which this
power is not equal to 1.

TNOMIZ, FEOATRENE, A = v /L & ubBEE [10] 13,
HERORZTEIIBETHY A, 2E 2L, 12OR—L
INE L WDARFNDOH 7 TAS TR

WIR—L & 2 TV DRGSR L& WE D45~ 1T
Al —DfER2 52 £, Tk, "rett Ollx OERZER DT
OIZ) O, £l WO OEE (H#

b DDT=HOIZ) DERYID N L > THRESITONET, Fh
DRI, NEZZDOHBM1EFELLI W (F#ETHD0 /L)
WA D I L Ocentral B 2 FIHT 2000 LIVEF A,
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